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Taxonomy of GMs

Exact

o =

ARMs Flows

(R)NADE Planar
WaveNet Coupling
WaveRNN MAFs/IAFs

Approximate

& 5

VAEs | | EBMs

Vamlla RBMs/DBMs denoising
B-VAE CD/NCE  score-based

VQ-VAE score matching

DPMs

“\/ \/\/

.

DALLE-2

¢ =%

. GANs GGFs
/

//

Vanilla

KAL
WGAN o

L| NItz-reg
f-GAN ///

//

(f,T)-GAN




Recap: Forward Diffusion Process

The forward diffusion process:

Data Noise

v 2 e

X A R




Recap: Reverse Denoising Process

The formal definition of the reverse process in 1’ steps:

Reverse Denoising Process (generative)

4

Noise

Data

p(zr) = N(z7;0, 1)
pe(xt—l‘xt) 7 N(xt—l;:uQ(xht)vthId)

)7
Trainable network ~ q(;[;t_l |xt) (true posterio

(U-net. Denoising Autoencoder)




Recap: Training and Sampling

Minimize a simplification of negative ELBO:

Lsimple = Eggnpa(ao),em(0,12) t~U(1,T) {16 — eg(V o + V1 — e, t)ﬂ |

Tt

Algorithm 1 Training Algorithm 2 Sampling
1: repeat 1. zp ~ N(0,1y)
. xOdi(xO)( ) 2: fort=T,...,1do
3: t ~ Uniform(1,...,T ;
o s sl
4: e ~ N(0,14) . 77 7 /
5. Take gradient descent step on 4' L (2 Jia " =, 1))l 002 / /
5. end for _
Veolle — eo(v/azo + /1 — aye, t)||? 6: return zg /

6: until converged




Forward Diffusion Process

Consider the limit of many small steps:

Forward diffusion process (fixed)

Q($t|$t—1) 7 N(xﬁ . 5t$t—175t-7)
Ty = /11— Bixs_ 1 + \/Ezt-
= /1 — B(t)Atzs_1 + +/Bt) Atz

1 w:ﬂt_l + /B(t)Atz;.

https://arxiv.org/abs/2011.13456
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Forward Diffusion Process as

Stochastic Differential Equation

Consider the limit of many small steps:
Forward diffusion process (fixed)

1
dry = —=B(t)zedt + 1/ B(E)dW, /
- o Vi W;: Weiner pro

7
TOCESS
//

7
7

Stochastic Differential Equation (SDE)

describing the diffusion process in the infinitesimal limit
https://arxiv.org/abs/2011.13456
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Crash Course in Differential

Equations

Ordinary Differential Equation (ODE):

92 — f(z,t) or dx = f(z,t)dt

X“ B
— —




Crash Course in Differential

Equations

Ordinary Differential Equation (ODE):

% A lordr, (17 1

Xn :

Analytical U
Solution: 33(?5) 7 SB(O) .
Iterative
Numerical
Solution:

Stochastic Differential Equation (SDE):
T = flzet) + oz, ) WY

| Wiener Process Derivative

- v, v, (i.e., Gaussian White Noise)

WV VO
drift coefficient diffusion coefficient

(dl‘t = f(CEt, t)dt + O'(Cl?‘t, t)th>

-

o(t + At) ~ 2(t) + f(a(t), )AL+ o(a(t), O)V/A



Crash Course in Differential

Equations

Ordinary Differential Equation (ODE): Stochastic Differential Equation (SDE):

% o f(wt7 t) or dfCt _ f($t7 t)dt % __ f(ajt; t) . O'(Zlft, t) Wt/ | Wiener Process Derivative
. o (i.e., Gaussian White Noise)

Xt B el drift coefficient diffusion coefficient

(dl‘t = f(CEt, t)dt + O'(Cl?‘t, t)th>

Analytical

s o) =)+ [ Sl
Iterative A . s/ ////
Numerical t+ At) ~ (t t),t)At =
pmetel  Ee o ot -+ A1) ~ alt) + f(a(t), A+ o(a(t), VAT



Forward Diffusion Process as

Stochastic Differential Equation

Consider the limit of many small steps:

Forward diffusion process (fixed)

R R iy TERNET V3 R ?;’"' R R L L F oAb T
"v.f";\%;' v._AgA' 2 } o:) J‘i < g{ i3 ﬁ V%)S"'w 2 y s
S RN "S/fn'ih I 4.“- ‘ w <
el s el »::.z < ‘

e e
o) o ol ’:'- o W

.,
v 4 o e ? o

o | 0 G W i i SR oy

RV . - d WA ARG RRPRE . s ST A

T | e o TR s b e M A oA E S A o R R S R

b .
L @\»'l' 2
L | L ‘]

e

XT

(®) T 1+ 1/ B(t) Atz

dzy = (Ot + /BRI,

Stochastic Differential Equation (SDE)
describing the diffusion process in the infinitesimal limit

https://arxiv.org/abs/2011.13456
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Forward Diffusion Process as
Stochastic Differential Equation

E - i
[ - £4
eu

Forward diffusion process (fixed)

7
j T
/// // /// /ﬂ ? % 2 /, Av

O

Z Z . / ,’ 4,/ 1 1 4' 2 ////
Forward Diffusion SDE: // / /%//////////%

74

#

https://arxiv.org/abs/2011.13456
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Forward Diffusion Process as

Stochastic Differential Equation

Forward diffusion process (fixed)

Z / 777
/ 42'

V]

1
Forward Diffusion SDE: dwy = —§ﬁ(t)$tdt-|—

drift term //

(pulls towards mode) (injects noise)

////// 4'”" 7 /
.
L6 (. A7)
1sion models:
7 /
Z
1\ JYAX/

https://arxiv.org/abs/2011.13456
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The Generative Reverse Stochastic

Differential Equation

Forward diffusion process (fixed)

https://arxiv.org/abs/2011.13456
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The Generative Reverse Stochastic
Differential Equation

” ' Forward diffusion process (fixed)

1 .
Forward Diffusion SDE: 0 —5 B(t)zedt + \/BE)AW;

7

drift term /
Reverse Generative f . 7
[ [ ////7;/
Diffusion SDE: dv, = | — =)z — B(t) -
t 580)e: = Bld) 7 e

https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/scie
nce/article/pii/0304414982900515 =)

Simulate reverse diffusion process: . generation f
7



https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515
https://www.sciencedirect.com/science/article/pii/0304414982900515

The Generative Reverse Stochastic

Differential Equation

But how to get the score function Vzlog g () ?



https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515
https://www.sciencedirect.com/science/article/pii/0304414982900515

Score Matching

‘ b ' Forward diffusion process (fixed)

e Naive idea: learn a model for the score function by direct regression.

7% J/ J
~ ~~ Vv

mein Ei11(0,7) Ezymge(ao) | §9<37t7 t) — \Vﬁ log q¢(z+) | ‘%

diffusion diffused neural ' score
time ¢ data Ty network diffused data
(marginal)

7
/;/// https://ieeexplore.ieee.org/document/
[

— But Vi log ¢ (z;) (score of the marginal diffused density ¢;(z;)) is not tractable! s
///
//9/ /%

Z https://arxiv.org/abs/1907.05600
/ https://arxiv.org/abs/2011.13456

7



https://ieeexplore.ieee.org/document/6795935
https://ieeexplore.ieee.org/document/6795935
https://arxiv.org/abs/1907.05600
https://arxiv.org/abs/2011.13456

Denoising Score Matching

U dddd s,

“Varireserving” SDE:
1
dZUt Z —55(t)$tdt 7 V ﬁ(t)th

Qt(CUt'JJO) ~ N(%&; YtL0, U?I)

O'tz — —exp_%fffﬂ

e Instead, diffuse individual data points zy. Conditional ¢ (x¢|xg) is tractable!

¢ Denoising Score Matching;: /// /
|

minI\EtNL{(O,T) Exowqo(a}o) ]E:I;twqt(xﬂxo)/ | l §9 (xta tl 7 Yx log Qt(xtleZ | I% /

9 7\ X

~" ~ ~" v N

. 7//
diffusion diffused diffused data neural score of diffused /: /
Z 7ZZ ,
time ¢ data z sample wt|x0 network o ;/; https://ieeexplore.ieee.org/document/

| 6795935
. BN
> After expectations, sy(z;,t) = V, log ¢;(z;)! B 11110/ /arxiv.ore/abs/1907.05600

_
// i https://arxiv.org/abs/2011.13456
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https://ieeexplore.ieee.org/document/6795935
https://arxiv.org/abs/1907.05600
https://arxiv.org/abs/2011.13456

Denoising Score Matching

TSI ITT I ITIII

“Variancereserving” SDE:
1
4 —iﬂ(t):ctdt + +/ B(t)dW;

Qt(ﬂﬁtliﬂo) o N(l’t;%ﬂfoa U?I)

Yt = eXp_% f(f ,B(s)ds

Implementation 1: Noise Prediction
y“ 3 Forward diffusion process (fixed)

a1 exp_% 5

¢ Denoising Score Matching;: m@in IEMWO’T)E:UON%(xO)Ethqt(wt|$0)IISg(xt, t) — Vzlog Qt($t|330>||§- _

e Re-parametrized Sampling: Tt = VtTo + 0(€, € ~ N(O, [). ;5/5’//
2
. Tt — Mo Tt — YT VtTo + Ot€ — Yt Zo .
e Score Function: V, log qt (il]t‘a?0> — —Vx( 5 ) = — 5 = — 5 = ——.
207 0} o e
t) https://ieeexplore.ieee.org/doc
€0 (fct , 6795935

o Neural Network Model: oy (xt, t) v

https://arxiv.org/abs/1907.05600
, / https://arxiv.org/abs/2011.13456

Ot



https://ieeexplore.ieee.org/document/6795935
https://ieeexplore.ieee.org/document/6795935
https://arxiv.org/abs/1907.05600
https://arxiv.org/abs/2011.13456

Denoising Score Matching

e Denoising Score Matching:

mgin ]EtNL{(O,T)E:L‘ONqO(wo)Ewtwqt(a:t|a30)|I89 (ajta t) — Vzlog g (wtle)H%

1

tion

i By (0,7) By ~ao (w0) Eentr(0,1) =3 |l€ = €0(2, ).

0 ¢

ST

“Variancreserving” SDE:
1
dil?t Z —55(75)56156[75 7 V B(t)th

Qt(ﬂﬁtliﬂo) ~ N(ﬂft;%l“oaff?[)
! fg B(s)ds

Yi = exp 2 »
2 4 — % [ B(s)ds ;*?/
CTt 77 1 (3)(1) _ ;;?4éi;22%

6795935
© https://arxiv.org/abs/1907.05600
| https://arxiv.org/abs/2011.13456
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Denoising Score Matching

ST

“Varianreserving” SDE:
1
dxy = —55(75)55156[75 + v/ B(t)dW,

Qt(ﬂﬁtliﬂo) ~ N(ﬂft;%l“oaff?[)

Yt = eXp_% fot ,B(s)ds

— Lt B(s)ds ///
of=1-exp Pl
o Denoising Score Matching objective with loss weighting A() : 1ip Et4(0.7) B o (wo) Bem (0 I)‘%\%“)‘”G — ez /

0 ~U(U, 0~qo(Zo) e ; 2

/// /
%

Implementation 2: Loss Weightings

Different loss weighting trade oftf between model with good quality vs. high log-likelihood:

o Perceptual quality: \(f) = o7

o Maximum log-likelihood: \(#)B(t) (negative ELBO)

6795935

Same objectives as derived in Denoising DPMs! " https://arxivorg/abs/1907.05600
I https://arxiv.org/abs/2011.13456
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https://ieeexplore.ieee.org/document/6795935
https://arxiv.org/abs/1907.05600
https://arxiv.org/abs/2011.13456

Denoising Score Matching

Implementation 2: Loss Weightings

More sophisticated model

parametrizations and loss

weightings possible!

m) Karras et al., “Elucidating the Design Space of Diffusion-Based Generative Models”

https://arxiv.org/abs/2206.00364



https://arxiv.org/abs/2006.11239
https://arxiv.org/abs/2101.09258
https://arxiv.org/abs/2107.00630
https://arxiv.org/abs/2106.05931
https://arxiv.org/abs/2106.02808
https://arxiv.org/abs/2206.00364
https://arxiv.org/abs/2206.00364

Probability Flow ODE

q(x7 )4

q(x0) Reverse Generative Process
$ig diddal
X0
. o 1 ’
o Consider reverse generative diffusion SDE: ir —-55 (1)

o Equivalent to “Probability Flow ODE?” in distribution:  dgz; = _ (t) K + V., log qt(xt)

(i.e., solving this ODE results in the same ¢ (z;) when 2

initializing qr(zr) ~ N(27;0,1))



https://arxiv.org/abs/2011.13456

Generation with Probability Flow ODE



https://arxiv.org/abs/2011.13456

Synthesis with SDE vs. ODE

<
Generation with Probability Flow ODE

e Generative Reverse Diffusion SDE (stochastic):

dr; = ——%B(t) [xt + 239(@)} dt + /B(t)dW.

https://arxiv.org/abs/2011.13456
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Sampling from “Continuous-Time”
Diffusion Models

o Generative (Reverse) Diffusion SDE:
1 _
dry = "iﬁ(t) {l’t + 239(’%)} dt + +/ B(t)dW;.

1. Euler-Maruyama:

Vi~ %ﬁ(t) |:$t o 289(33t):| At o \/ B(t)AtZt

2. Ancestral Sampling is also a
generative SDE sampler!

-y

Generation with Probability Flow ODE

P

Xg - Xp e X7
e Probability Flow ODE:
dr; = —% B(t) [a:t + sp(2¢) |
1. Euler’s Method:
Vi iﬂ

7
Aw

(t)/ - 99\ Lt

2. In practice: Higher- ODE sc

é‘,‘,’;‘"' |
- // 7
Runge-Kutta, linear multistep
( g ) /

exponentlal ln}// LOL'S) % https://arxiv.org/abs/2011.13456
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Sampling from “Continuous-Time”

Diffusion Models

How to solve the generative SDE or ODE in practice?

o Runge-Kutta adaptive step-size ODE solver [1]

e Higher-Order adaptive step-size SDE solver [2]

o Reparametrized, smoother ODE [3]

e Higher-Order ODE soolver with linear multistepping [4]
o Exponential ODE Integrators [5, 6]

e Higher-Order ODE solver with Heun’s Method |7

[1] https://arxiv.org/abs/2011.13456
[2] https://arxiv.org/abs/2105.14080
[3] https://arxiv.org/abs/2010.02502
[4] https://arxiv.org/abs/2202.09778
[5] https://arxiv.org/abs/2204.13902
[6] https://arxiv.org/abs/2206.00927
[7] https://arxiv.org/abs/2206.00364
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https://arxiv.org/abs/2105.14080
https://arxiv.org/abs/2010.02502
https://arxiv.org/abs/2202.09778
https://arxiv.org/abs/2204.13902
https://arxiv.org/abs/2206.00927
https://arxiv.org/abs/2206.00364

Sampling from “Continuous-Time”

o Generative (Reverse) Diffusion SDE:

o —%5@) . —% T Bt)[s(xs)]dtn/BEAT

Probabilit;/rFlow ODE Langevi;lr Diffusion

. Pros: Continuous noise injection can help to

compensate errors during diffusion process (Langevin
sampling acttively pushes towards correct distribution).

. Cons: Often slower, beacuse the stochastic terms themselves
require fine discretization during solve.

-y

Generation with Probability Flow ODE

P

X0 oo Xt )-(/

¢ Probability Flow ODE:
1
doy = —=B(t)

/’
2. Cons: No “stochastic” erroi
.

o

ot

lower performance than s
// % httDS:arxiv.org/abs/2206.oo364

5?%
i



https://arxiv.org/abs/2206.00364

Why use Differential Equation
Framework?

"~ Reverse Generative Process q(X7)
919 #eigial
i w5 ’ig |
X0 X¢ X7

Advantages of the Differential Equation framework for Diffusion Models:

e Can leverage broad existing literature on advanced and fast SDE and ODE solvers.

e Allows us to construct deterministic Probability Flow ODE.
e Deterministic Data Encodings.

e Log-likelihood Estimation.

¢ Clean mathematical framework based on Diffusion Processes and Score Matching; connections eural O
77
Continuous Normalizing Flows and Energy-based Models. %/

T4
7/



Diffusion Models as Energy-based

Models

Forward diffusion process (fixed) _

€_E9 (:C?t)
Zo 1

o Sample EBM via Langevin dynamics: ;1 = 2+ — NVl (:I:t, t) + 1/2n2;.

o Assume an Energy-base Model (EBM):  pg(z,t) =

o Requires only gradient of energy —V, E(x,t), not Ep(z, 1) itself, nor Zp !

In diffusion models, we learn “energy gradients” for all diffused distributions directly:

Diffusion Models model energy gradient directly, along entire diffusion process, and avoid /
modeling partition function. Different noise levels along diffusion are analogous to annealed sam;
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